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Continuummodels of periodic masonry brickwork, viewed at a micro-level as a discrete system, are iden-
tiﬁed within the frame of linearized elasticity. The accuracy of various identiﬁcation schemes is investi-
gated for standard and micropolar continua, which are directly compared with the help of some
numerical benchmarks, for different loading conditions that induce periodic and non-periodic deforma-
tion states. It is shown that periodic deformation states of brickwork are exactly reproduced by both con-
tinua, provided that a suitable identiﬁcation scheme is adopted. For non-periodic states micropolar
continuum is shown to better reproduce the discrete solutions, due to its capability to take scale effects
into account. Both continua are asymptotically equivalent as the characteristic length of the discrete sys-
tem tends to zero, while providing an upper and a lower bound of the discrete solution.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
Masonry was often described as a discrete system with a peri-
odic texture (Lofty and Shing, 1997; Lourenço and Rots, 1993; Che-
touane et al., 2005) and several identiﬁcation schemes have been
proposed that lead to a continuous homogeneous description, by
means of a microstructural approach (Besdo, 1985; Trovalusci
and Masiani, 1999; Sulem and Mühlhaus, 1997; Cecchi and Rizzi,
2001). Similar approaches have been also developed for other med-
ia made by particles connected with springs at contacts, such as
granular media (Bathurst and Rothenburg, 1988; Peters, 2005) or
fractured rocks (Mühlhaus, 1993; Maghous et al., 1998). One of
the interests in providing a continuous description lies in the fact
that the number of degrees of freedom in the discrete model de-
pends on the number of particles, whereas in the continuous mod-
el the discretization can be chosen according to the loading
conditions and therefore the number of degrees of freedom can
be lowered signiﬁcantly, at least in those regions where a slowly
varying solution is expected. Another non-negligible advantage
lyes in the possibility of obtaining some analytical solutions. As
far as the use of a micromechanically based continuous model is
concerned, the homogenization method provides an effective tool
to obtain equivalent macroscopic properties (Anthoine, 1995; Pe-
gon and Anthoine, 1997; Zucchini and Lourenço, 2004; Sutcliffe
et al., 2001; Wu and Hao, 2008; Luciano and Sacco, 1997; Gambar-
otta and Lagomarsino, 1997; Milani et al., 2006). However, sincell rights reserved.
+390655173441.
, defelice@uniroma3.it (G. dethe constitutive functions cannot be generally obtained in analyti-
cal form, some efforts to gain a deeper insight into the overall
behaviour have been made at the cost of some simplifying assump-
tions. Analytical expressions for the macroscopic properties of
masonry, that explicitly depend on micromechanical parameters,
have been obtained in Pande et al. (1989), Maier et al. (1991)
and Pietruszczak and Niu (1992), based on two-step homogeniza-
tion, and more recently in de Felice (1995), Cecchi and Sab (2002),
Zucchini and Lourenço (2002) and Maghous et al. (2002), relying
on more reﬁned simplifying assumptions. As regard the choice of
the continuum to describe the in-plane behaviour of brickwork,
several contributions (Besdo, 1985; Chang and Liao, 1990; Masiani
et al., 1995; Sulem and Mühlhaus, 1997) have been addressed to
take into account the effects of block rotation, that naturally leads
to the use of a micropolar continuum instead of the classical
Cauchy continuum. This choice proves to be useful in the case of
non-linear softening behaviour, thanks to the property of Cosserat
model of regularizing the solution through its natural characteris-
tic length (De Borst, 1991; Mühlhaus, 1989). However, the discus-
sion on how macro-scale state variables, such as stress and strain
measures, can be related to micro-scale quantities for the Cosserat
continuum is still open, even in the simplest case of linear elastic-
ity (de Felice and Rizzi, 1999; Forest et al., 2001). As a consequence,
the pros and cons of the applicability of Cosserat continuous model
to the analysis of masonry structures (Trovalusci and Masiani,
1996; Casolo, 2006; Brasile et al., 2007; Stefanou et al., 2008), gran-
ular materials (Bardet and Vardoulakis, 2001; Kruyt, 2003; Chang
and Kuhn, 2005; Froiio et al., 2006), or periodic lattices (Florence
and Sab, 2005) are still under debate. Even richer media (Woz´niak,
1993) have been considered as possible continuum descriptors, to
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same order as that of the microstructure. Less attention has been
paid to the comparison of the features of different identiﬁcation
schemes; for granular materials there have been some efforts de-
voted to overcome the limits that arise from the assumption of uni-
form strain (Liao et al., 1997).
The aim of this paper is to investigate the capability of both, Cau-
chy and Cosserat continuum models, in representing the linear
behaviour of periodic brickwork viewed as a rigid blocky system,
considering that a suitable constitutive linear identiﬁcation is at
the base of any non-linear homogenization procedure ormulti-scale
analysis (UvaandSalerno, 2006;Massart, 2003;Kouznetsova, 2002).
Thepaper startswith thedescriptionof aperiodicbrickworkas adis-
crete system consisting of rigid rectangular bricks interacting with
elastic joints in a periodic texture (Section2). In a second step, differ-
ent identiﬁcation algorithms, leading to a continuum description,
arepresented in somedetail forbothCauchy (Section3) andCosserat
(Section5) continua. ForCauchycontinuum, it is shown that, accord-
ing to the identiﬁcation scheme adopted, the different estimates of
the elastic propertiesmay conceal balance or kinematic compatibil-
ity defects. A critical comparison with the existing results in the lit-
erature is then performed in Section 4, together with a numerical
comparison between the elastic coefﬁcients provided by the differ-
ent algorithms. In the case of Cosserat continuumacompatible iden-
tiﬁcation scheme is recalled (Masiani et al., 1995), which is capable
of retaining memory not only of the shape, but also of the size of
the brick. The accuracy of the identiﬁcation algorithms is veriﬁed
through a theoretical (Section 6) and numerical (Section 7) compar-
ison. Finally, aiming at investigating the accuracy of the models un-
der loading patterns that induce non-periodic deformation states, a
numerical comparison is performed for a brickwork panel subjected
to lateral load, when varying the size of the brick. The concluding re-
marks (Section 8) recall the main results achieved.
2. Periodic brickwork
By periodic brickwork we will refer either to dry stone block
masonry or to brick masonry made up by units and thin mortar
joints, arranged according to a periodic texture. Frequently, the lat-
ter material is modeled as a two-phase medium, and then homog-
enized (Pande et al., 1989; Maier et al., 1991; Pietruszczak and Niu,
1992; Anthoine, 1995; Zucchini and Lourenço, 2002). However,
when the ratio between the unit-mortar elastic coefﬁcients is high
and the thickness of the joints is small with respect to the size of
the unit, a two-phase medium can be approximated with a sufﬁ-
cient accuracy by a system of rigid bodies interacting through elas-
tic interfaces (Cecchi and Di Marco, 2000). This model, which is
referred to as the discrete model, has been widely used for masonry
structures, in both cases of linear (Masiani et al., 1995; Cecchi and
Sab, 2002; Casolo, 2004) and non-linear (Formica et al., 2002; Bra-
sile et al., 2007; Trovalusci and Masiani, 1997) analysis, since the
behaviour is driven by the joints (Lofty and Shing, 1997; Lourenço
and Rots, 1993).
2.1. Discrete model
Let fAi; i ¼ 1; . . . ;nbg be the set of rigid blocks in E1, gi being the
position of the centre of Ai in the reference conﬁguration and
ui;wi 2V the centre displacement and the block rotation, respec-
tively (Fig. 1a). In a linearized theory, the motion of Ai is deﬁned
as follows2:1 Throughout the paper, E is the Euclidean space and V is the translation space of
E.
2 The symbol ‘‘” denotes the cross-product between vectors, while ‘‘” denotes the
Euclidean scalar product between vectors or tensors.uiðqÞ ¼ ui þwi  ðq giÞ 8q 2Ai ð1Þ
We assign to the kth joint between the two blocks Ai and Aj the
following deformation:
tk :¼ tðpkÞ ¼ uiðpkÞ  ujðpkÞ; xk :¼ xðpkÞ ¼ wi wj ð2Þ
where pk is the centre of the joint in the reference conﬁguration.
For each Ai, let bi; ci 2V the external body force and couple,
respectively (Fig. 1b) and, consequently, the external work is de-
ﬁned as follows:
Le ¼
Xnb
i¼1
Lei ¼
Xnb
i¼1
ðbi  ui þ ci wiÞ ð3Þ
Moreover, let tk;mk 2V be the internal actions working for the
deformations tk;xk, the internal work being deﬁned as follows:
Li ¼
Xnj
k¼1
Lik ¼
Xnj
k¼1
ðtk  tk þmk xkÞ ð4Þ
where nj is the number of joints in the brickwork. By equating the
internal work to the external work for each displacement ﬁeld that
fulﬁls Eq.(2) we obtain the rigid body equilibrium equations, which
take the form:
biþ
X6
k¼1
tk¼0; ciþ
X6
k¼1
ðmkþ tkðpkgiÞÞ¼0 8i¼1; . . . ;nb ð5Þ
Eqs. (2) and (5) represent compatibility of the micro-deformation
and equilibrium of the micro-forces, respectively.
To complete the description of the discrete model, we select the
following linear elastic constitutive laws for the contact actions3:
tk ¼ Kktk; mk ¼ Kkxk; ð6Þ
ðk ¼ 1; . . . ;njÞ, where Kk and Kk are symmetric and positive deﬁnite
stiffness tensors.
Let us now consider the 2D periodic brickwork shown in Fig. 2,
obtained by translation and copy of the elementary cell along two
linearly independent directions i1, i2, according to a running bond.
The elementary cell consists of a rigid block and six elastic joints by
which the block interacts with the six adjacent blocks. Any other
cell within the assembly can be detected by two integers, n1;n2
which deﬁne the position of its centre gj ¼ gi þ n1i1 þ n2i2 with re-
spect to the position gi of the centre of the elementary cell.
The joints are divided into two classes of equivalence, head and
bed joints, denoted by indexes h and b, respectively. They are given
the following stiffness tensors:
Kk ¼ Kkkek  ek þ K?k e?  e?; Kk ¼ Kfkek  e?; k 2 ½h; b ð7Þ
on the orthonormal basis ðek; e?Þ adapted to the joint (see Fig. 2). It
is worth noting that the uncoupling between normal and tangential
stiffnesses accounts for the absence of joints dilatancy.
The joint stiffness depends on both geometrical features and
mechanical properties of the ﬁlling material. At a deeper insight,
to the limited extent of characterizing the stiffness tensor (7), let
us consider the mortar joint as a continuous set of non-interacting
normal and tangential springs; in this case, the coefﬁcients of Eq.
(7) may be expressed as follows:
Kkh ¼
GhT
H
; K?h ¼
EhT
H
; Kfh ¼
EhT
3
12H
ð8Þ
Kkb ¼
GbL
2B
; K?b ¼
EbL
2B
; Kfb ¼
EbL
3
96B
; ð9Þ3 The symbol ‘‘” denotes the tensor product between vectors, such that,
ðv1  v2Þv3 :¼ ðv2  v3Þv1 8v1;v2;v3 2V.
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Fig. 1. Displacements (a) and forces (b) of the discrete model.
Fig. 2. Periodicity directions and the elementary cell.
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tively, T and L are the height and the width of the cell (see Fig. 2),
and Eb;Gb; Eh;Gh are the apparent elastic coefﬁcients of the mortar
joints, not to be confused with the elastic moduli Em;Gm of the mor-
tar itself. The difference between the apparent elastic coefﬁcients of
the mortar joints and the elastic moduli of the mortar derives from
the stress state arising in the mortar joint due to the complex chem-
ical–physical interactions with the units. For instance, the conﬁning
action of the unit induces an increase of the apparent normal elastic
coefﬁcient, which also depends on the bond between unit and mor-
tar; moreover the shrinkage of mortar induces a self-stress state in
the joint which also affects the apparent elastic mortar properties.
The straightforward method to obtain the apparent elastic coefﬁ-
cients is to measure them directly by means of experimental tests
on couplets or triplets (see for instance, Atkinson et al., 1989).
2.2. Periodic deformation states
A deformation state of the discrete model is periodic when the
deformation of the joints which correspond to each other, accord-
ing to periodicity, is the same. A periodic state is deﬁned by the
deformation tðpkÞ; xðpkÞ; k ¼ 1; . . . ;3 of three joints of the ele-
mentary cell shown in Fig. 2, since the deformation of the other
three joints of the cell and that of any other joint within the assem-
bly derives by periodicity conditions:
tðpk þ n1i1 þ n2i2Þ ¼ tðpkÞ; xðpk þ n1i1 þ n2i2Þ ¼ xðpkÞ; ð10Þwhere n1;n2 are integers.
The fulﬁlment of (10), as shown in Di Carlo, implies the follow-
ing periodicity conditions on the displacement and the rotation of
the blocks:
uðgi þ n1i1 þ n2i2Þ ¼ uðgiÞ þ n1D1 þ n2D2;
wðgi þ n1i1 þ n2i2Þ ¼ wðgiÞ ð11Þ
where D1;D2 2V are the relative displacements of the centers of
two adjacent blocks along directions i1 and i2, respectively. Accord-
ing to (11)2 it follows that xk ¼ 0; k :¼ 1; . . . ; nj, which, together
with (6)2, impliesmk ¼ 0; k :¼ 1; . . . ;nj. Eq.(11) deﬁne a linear man-
ifold parameterized by the components of uðgiÞ, which is the trans-
lation of the medium as a whole, the relative displacements
D1 and D2 and the rotation wðgiÞ, equal for all the units. In the
orthonormal basis ðe1; e2Þ we deﬁne:
D1 ¼ Lðe1e1 þu1e2Þ; D2 ¼
L
2
ðe1e1 þu1e2Þ þ Tðu2e1 þ e2e2Þ;
wðgiÞ ¼ he1  e2 ð12Þ
where the physical meaning of the kinematic parameters e1; e2;
u1;u2; h is shown in Fig. 3. In the same ﬁgure the elastic forces, aris-
ing in the joints in correspondence to each kinematic parameter, are
also depicted.
An inﬁnitesimal rigid body rotation of the medium as a whole is
hidden within the last three parametersu1;u2; h; the rigid rotation
occurs when u1 ¼ u2 ¼ h (see Fig. 4). Therefore, a periodic defor-
mation state is characterized by four parameters only, the two
stretches e1; e2 and the two shears ðu1  hÞ, ðu2  hÞ that naturally
arise by superposing the joint elastic forces induced by u1;u2; h
shown in Fig. 3. While the force balance is automatically satisﬁed,
the momentum balance (see Fig. 5), whose equation reads as:
GhTL
2
H
þ EbL
3
4B
( )
ðu1  hÞ þ
GbLT
2
B
ðu2  hÞ ¼ 0 ð13Þ
implies a linear dependence between the two shears, by reducing
the number of the independent deformation parameters to three.3. Identiﬁcation of Cauchy continuum
In this section, we present three identiﬁcation algorithms for
the elastic coefﬁcients of a Cauchy continuum, two of which are
naive while the third is more reﬁned. The basic assumption behind
any identiﬁcation scheme is the work equivalence between the
continuum and the discrete system. The three models differ in
the way the correspondence between discrete and continuum is
Fig. 6. Micro-deformation pattern induced by the macro-shear E12.
Fig. 3. Periodic deformation states for brickwork: kinematical parameters and
corresponding joint elastic forces.
Fig. 5. Momentum balance.
Fig. 4. Rigid body rotation of brickwork as a whole.
4 The choice of the REV is not univocal – see Anthoine (1995) for detail.
5 Lin denotes the double tensor linear space; Lin ¼ Sym Skw, such that:
A ¼ symðAÞ þ skwðAÞ 8A 2 Lin. The symmetric tensor product ‘‘s” between vectors
is deﬁned as follows: v1sv2 :¼ symðv1  v2Þ ¼ 12 ðv1  v2 þ v2  v1Þ.
6 In tensor algebra a  ðLbÞ ¼ ðasbÞ  L 8L 2 Sym; a; b 2V.
1254 G. Salerno, G. de Felice / International Journal of Solids and Structures 46 (2009) 1251–1267established, showing that if the algorithm is too simple, some
approximation errors arise, yielding an erroneous representation
of the behaviour of brickwork.
3.1. Compatible identiﬁcation
As for granular media (see Liao et al., 1997), the simplest iden-
tiﬁcation algorithm in our context is based on the assumption that
every block within the assembly moves in accordance with a uni-
form strain hypothesis. Once the reference elementary volume(REV) for the discrete system is deﬁned4, let us consider a region
M of the Cauchy continuum, which occupies the same region as
the REV. Then, following Trovalusci andMasiani (1996), assume that
the motion in M is given by the afﬁne expansion from a point x:
uðyÞ ¼ uðxÞ þ Hðy xÞ 8y 2M ð14Þ
where H ¼ ruðxÞ is the displacement gradient, which can be
decomposed into the sum of the inﬁnitesimal deformation
E ¼ symH and the inﬁnitesimal rotation W ¼ skwH. Aiming at
obtaining a homogeneous constitutive relation for the continuum,
let us select the following correspondence between the displace-
ment in the REV and in the continuum regionM:
ui ¼ uðgiÞ; wi ¼ w 8Ai 2 REV ð15Þ
where w is the axial vector of W. By using (1) and (2), we deter-
mine the following relation:
tk ¼ Eðgi  gjÞ; xk ¼ 0 ð16Þ
for the kth joint, coupling ðAi;AjÞ 2 REV. Now, we require that the
work expended by the internal actions for the discrete model in the
REV is equal to the work expended by the internal actions for the
continuum model inM:Xnr
k¼1
ðtk  tk þmk xkÞ ¼
Z
M
S  E ¼ S  Ev ð17Þ
for each ðtk;xkÞ satisfying (16), where nr is the number of joints
within the REV, v is a measure of M and S is the stress tensor. In
Eq. (17) the last expression of the internal work inM derives from
the assumption of homogeneous constitutive relation. Then, if we
substitute Eq. (16) into (17), we obtain5:Xnr
k¼1
ftk  Eðgi  gjÞg ¼ S  Ev 8E 2 Sym ð18Þ
from which we derive the average relation for the stress6:
S ¼ 1v
Xnr
k¼1
tksðgi  gjÞ: ð19Þ
A substitution of Eqs. (6) and (16) in (19) yields the constitutive law
for the continuum model:
S ¼ 1v
Xnr
k¼1
KkEðgi  gjÞsðgi  gjÞ
 
¼ 1v
Xnr
k¼1
ðgi  gjÞsKksðgi  gjÞ
( )
E; ð20Þ
Fig. 7. Micro-forces induces by S in the equilibrated identiﬁcation.
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S ¼AE; A ¼ 1v
Xnr
k¼1
ðgi  gjÞsKksðgi  gjÞ
( )
ð21Þ
Let us now refer to the REV A in Fig. 13, consisting in the lozenge
with apex in the centres gi of four adjacent units, where
nr ¼ 5 and v ¼ TL; by substituting the expressions for the elastic
coefﬁcients (7) in Eq. (21), the components of the elastic tensor A
write as follows:
A1111 ¼ 12q K
k
b þ 2K?h
 
A2222 ¼ 2q1K?b
A1212 ¼ q1Kkb þ
1
2
q K?b þ 2Kkh
 
where q :¼ L=T is the cell aspect ratio. Moreover, according to Eqs.
(8) and (9), the same coefﬁcients are rewritten as functions of the
brickwork geometry ðL; T;H; BÞ and the apparent elastic coefﬁcients
of the mortar joints ðEb; Eh;Gb;GhÞ:
A1111 ¼ LH Eh þ
L2
4BT
Gb
A2222 ¼ TB Eb ð22Þ
A1212 ¼ 12
L
H
Gh þ TBGb þ
L2
4BT
Eb
 !
The elastic coefﬁcients given by Eq. (22) provide a Cauchy material
stiffer than the discrete system, as shown in Fig. 11, where the con-
tinuum solution is compared to the discrete one for the shear test in
Fig. 10. The reason of such a behaviour lies in the fact that the rota-
tion of the blocks,wi, is constrained by Eq. (15)2 to assume the same
value as the macro-rigid rotation w. Therefore, while the compat-
ibility of the micro-deformation is a priori satisﬁed, such a con-
straint implies (see Fig. 6):
u1  h ¼ ðu2  hÞ ¼ E12
which does not generally satisfy the momentum balance equation
(13). As a consequence, the total potential energy, tied to this compat-
ible micro-deformation and attributed to the continuum moduleM
bymeans of thework equivalence (17), is greater than that of the ex-
act solution and, therefore, the continuum solution is stiffer than the
discrete one. Referring to homogenization methods, the compatible
identiﬁcation scheme discussed here corresponds to thewell-known
Voight bound. It is interesting to remark that a compatible identiﬁca-
tion scheme has been widely used in the past and, for instance, has
been the basis for the single-constant molecular theory of elasticity.
3.2. Equilibrated identiﬁcation
In a dual form, the constitutive information can be transferred
from brickwork to the equivalent continuum by assuring a priori
micro-forces equilibrium. The simplest way to do this is to assume
that the stress tensor S is constant inM and, successively, to select
the following correspondence between the contact actions in the
REV of the discrete system and the stress in the continuummodule:
tk ¼ Se?k lk; mk ¼ 0 8k ¼ 1; . . . ;nr ð23Þ
where lk is the joint length, e?k is the outer unit vector perpendicular
to the joint and nr is the number of joints in the REV. Condition (23)
implies the point-wise satisfaction of equilibrium of micro-forces
(5) when body forces and couples are zero (see Fig. 7); moreover,
it deﬁnes a correspondence between micro- and macro-contact ac-
tions. If, in addition, we impose that micro- and macro-internal
works are equivalent for corresponding contact actions, that is:Xnr
k¼1
ðtk  tk þmk xkÞ ¼ S  Ev ð24Þ
for each ðtk;mkÞ satisfying (23), we obtain:Xnr
k¼1
ðlkSe?k  tkÞ ¼
Xnr
k¼1
lkS  tkse?k
   ¼ S  Ev 8S 2 Sym ð25Þ
from which the following average relation follows:
E ¼ 1v
Xnr
k¼1
lk tkse?k
  ð26Þ
Eq. (26) can be used to derive the compliance of the equivalent con-
tinuum. In fact, a substitution of Eqs. (6) and (23) in (26) yields the
constitutive law:
E ¼ 1v
Xnr
k¼1
l2kK
1
k Se
?
kse?k
 
¼ 1v
Xnr
k¼1
l2ke
?
ksK1k se?k
 
S ð27Þ
that is:
E ¼A1S; A1 ¼ 1v
Xnr
k¼1
l2ke
?
ksK1k se?k
 
ð28Þ
By using Eq. (7), the components of the elastic tensor deﬁned by Eq.
(28) are expressed in terms of joint stiffness and cell aspect ratio:
A1111 ¼ qK?h ;
A2222 ¼ 2q1K?b ;
A1212 ¼ 4KkhKkb 2q1Kkb þ qKkh
 .
:
As in the previous case, by using Eqs. (8) and (9), the elastic coefﬁ-
cients are expressed in terms of the brickwork geometrical features
and the apparent elastic coefﬁcients of the mortar joints:
A1111 ¼ LH Eh;
A2222 ¼ TB Eb;
A1212 ¼ 2 HL
1
Gh
þ B
T
1
Gb
 	1
:
ð29Þ
This identiﬁcation scheme leads to a Cauchy material more compli-
ant than the discrete one, as shown in Fig. 11. The total complemen-
tary energy minimum principle provides us with an easy
explanation of this behaviour, since this scheme, while assuring
the micro-equilibrium (5), it does not necessarily satisfy the mi-
cro-compatibility (2). Referring to homogenization methods, such
an equilibrated scheme corresponds to the well-known Reuss
bound.
3.3. Reﬁned identiﬁcation
We have shown that the equilibrated identiﬁcation provides a
solution more compliant than expected, due to some kinematical
compatibility errors. Fig. 8 helps us in explicating the reasons for
such behaviour. The micro-forces which arise for a macroscopic
stress S12 and S11 are depicted in the ﬁgure, together with the cor-
Fig. 9. Self-stress states.
Fig. 8. Compatibility requirements.
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shear in the head joints is always accompanied with axial deforma-
tion in the bed joints that, however, are neglected in the equili-
brated identiﬁcations, since is not elastically related to the
imposed micro-forces; correspondingly, the axial strain in the head
joints is always accompanied with shear deformation in the bed
joints which is neglected too. Such a behaviour has been high-
lighted in Zucchini and Lourenço (2002) through a FEM simulation.
In order to improve the performances of the equilibrated iden-
tiﬁcation, let us add to the statically admissible force system previ-
ously deﬁned by Eq. (23), the two self-equilibrated force systems
shown in Fig. 9, such that the correspondence between the contact
actions in the REV and the stress inM writes7:
tk ¼ Se?k lk þ ð1ÞkðX1e1 þ X2e2Þ; mk ¼ 0; k ¼ 1; . . . ;6 ð30Þ
The unknown values X1;X2 are determined by solving the following
kinematical compatibility equation system (see Fig. 8):
th  ekh ¼ 2tb  e?b ; th  e?h ¼ 2tb  ekb ð31Þ
By expressing Eq. (31) in terms of contact actions through Eq. (6),
where the stiffness tensors are given by Eqs. (7)–(9), and substitut-
ing condition (30) into the compatibility equations, we obtain the
following results:
X1 ¼ a1TðSe1  e1Þ; a1 ¼ GbHL=ðGbHLþ 4EhBTÞ
X2 ¼ a2TðSe2  e1Þ; a2 ¼ EbHL=ðEbHLþ 4GhBTÞ
ð32Þ
and therefore Eq. (30) becomes:
tk ¼ lkSe?k þ ð1ÞkT½a1ðSe1  e1Þe1 þ a2ðSe2  e1Þe2;
mk ¼ 0; k ¼ 1; . . . ;6 ð33Þ
By comparing the micro-forces tk given by Eq. (23) with those pro-
vided by Eq. (33), we observe that the latter do depend, trough
a1 and a2, on the geometrical features of the cell and on the mortar
joint elastic coefﬁcients. In fact, in this case, the micro-forces have7 The numbering of the joints is pictured in Fig. 2.been obtained by solving an elastic problem at the microscopic le-
vel. Now by equating micro- and macro-internal works for each
ðtk;mkÞ satisfying condition (33), we obtain:X6
k¼1
lkSe
?
k  tk þ ð1ÞkT½a1ðSe1  e1Þðtk  e1Þ þ a2ðSe2  e1Þðtk  e2Þ
n o
¼ S  Ev; ð34Þ
for all S 2 Sym and, accordingly, the expression for the macro-defor-
mation writes as follows:
E ¼ 1v
X6
k¼1
lktkse?k þ ð1ÞkT½a1ðtk  e1Þe1  e1 þ a2ðtk  e2Þe1se2
n o
ð35Þ
Through the substitution of Eqs. (6), (7) and (33) in Eq. (35) we ﬁ-
nally obtain the elastic coefﬁcients for the continuum model:
A1111 ¼ 12q K
k
b þ 2K?h
 
;
A2222 ¼ 2q1K?b ;
A1212 ¼ q
4Kkb
þ q
1
K?b þ 2Kkh
 !1
;
or, according to (8) and (9):
A1111 ¼ LH Eh þ
L2
4BT
Gb;
A2222 ¼ TB Eb;
A1212 ¼ 2 1T
B
Gb
þ 1
L
H
Gh þ L
2
4BT
Eb
0BB@
1CCA
1
:
ð36Þ4. Comparison and performances of the identiﬁcation
algorithms
4.1. Comparison with other continuous models
In this section, the elastic coefﬁcients previously obtained are
compared with the analytical formulations available in the litera-
ture. To this end, the expressions of the elastic moduli for masonry
under in-plane loading provided in previous papers have been par-
ticularized in the case where the blocks are rigid, such as to ﬁt the
discrete model presented in Section 2. However, since most of the
formulations are based on a two-phase Cauchy medium, a relevant
Fig. 10. The shear test.
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in our case, the joints are simply interfaces and neither Poisson
effects nor dilatancy are explicitly taken into account. Therefore,
the comparison is focused on the analogies on the formal structure
of the homogenized elastic coefﬁcients.
The ﬁrst formulations in the literature considered masonry as a
multi-layered medium, made of soft (mortar) and stiff (unit) mate-
rials, and derived the equivalent modulus by imposing the strain
compatibility between the layers under compression. For instance,
according to Haller (1958), the elastic modulus in vertical direc-
tion, in the limit case of rigid units, is given by:
AH2222 ¼
T
B
Em
1
1 B
T  B
 	2 2m2m
1 mm
ð37Þ
where Em; mm denote the Young modulus and the Poisson ratio of
the mortar, respectively. An analytical estimate of all the in-plane
elastic coefﬁcients was provided in Pande et al. (1989) by means
of a two-steps procedure: in a ﬁrst step, brick units and head joints
are viewed as a multi-layered medium and homogenized as an
orthotropic material; in a second step, this latter material and the
bed joints are homogenized to provide the overall properties of ma-
sonry. The coefﬁcients obtained in Pande et al. (1989) in the case of
rigid units write as follows:
AP1111 ¼
L
H
Em
1 2m2m
1 m
2
m
1 m2 þ L
H
T  B
B
0B@
1CA 1 B
T
þ BH
TL
 	
;
AP2222 ¼
T
B
Em
1 2m2m
1 m
2
m
1 m2 þ L
H
T  B
B
0B@
1CA;
AP1212 ¼ 2Gm
H
L
1 B
T
 	
þ B
T

 1
:
ð38Þ
The coefﬁcient AP1111 lacks the tangential contribution of the bed
joints, similarly to the corresponding coefﬁcient provided by the
equilibrated identiﬁcation (29)1. In fact, both approaches implicitly
refer to continuous vertical joints, as pointed out in Zucchini and
Lourenço (2002). Accordingly, the axial contribution of the bed
joints in the shear coefﬁcientAP1212 is neglected too. This latter coef-
ﬁcient does coincide with (29)3 when Gm ¼ Gb ¼ Gh, apart form a
slight difference, which becomes negligible when the joint thick-
ness B is small if compared to the unit height T. A two-step homog-
enization was also proposed in Maier et al. (1991), by reversing the
two steps: ﬁrstly, two vertical strips, which contain a sequence of
mortar and brick layers, are separately homogenized; then the wall,
regarded as a periodic array of homogeneous vertical layers, is
homogenized to provide the sought elastic coefﬁcients. It is worth
noting that, in the limit case of rigid units, the proposed method
does not provide a meaningful result for the elastic coefﬁcient
A1111, which becomes inﬁnite; the remaining two coefﬁcients write
as follows:
AM2222 ¼
T
B
Em
1 m2m
1 2HðT  BÞ
LðT þ BÞ

 
;
AM1212 ¼ 2Gm
H
L
1 B
T
 	
þ B
T

 1
:
ð39Þ
While the elastic coefﬁcient AM2222 is slightly different from (38)2,
the shear coefﬁcient AM1212 does coincide with (38)3. A similar ap-
proach in two steps was also proposed in Pietruszczak and Niu
(1992): in a ﬁrst step, the Eshelby’s solution to the ellipsoidal inclu-
sion problem, combined with Mori–Tanaka’s mean-ﬁeld theory
(Zhao and Weng, 1990), is used to provide the elastic coefﬁcients
of the block tiers viewed as a continuum medium intercepted bythe vertical joints. In a second step, this medium is homogenized
with the horizontal mortar joints, assuming a uniform strain in both
constituents and a perfect bonding at the interface. In the case of ri-
gid units, the ﬁrst step provides a rigid medium and, therefore, the
overall elastic moduli simply read as:
AP&N2222 ¼
T
B
Em
1 mm
ð1þ mmÞð1 2mmÞ
AP&N1212 ¼
2T
B
Gm
ð40Þ
The comparison of AP&N1212 with (29)3 shows that the contribution of
the head joints is neglected.
More recently, a clear representation of the elastic behaviour for
brickwork has been given in Zucchini and Lourenço (2002), with
the help of 3D numerical simulations. Through a deep insight into
the mechanical interaction between mortar and bricks, some sim-
plifying assumptions are made, that allow to reach an explicit
expression of the shear coefﬁcient, that, for the case of rigid units,
writes:
AZ&L1212 ¼
2GmT
S
4GmLðT  SÞ þ EmðL SÞ2
4GmLðT  SÞ þ EmLðL SÞ þ 4GmTðT  SÞ ð41Þ
where S is the thickness of both head and bed joints. After some
manipulations, this coefﬁcient is shown to coincide to the one pro-
vided by the reﬁned algorithm (36)3 in the case of Gb ¼ Gh ¼
Gm and B ¼ H ¼ S, apart from a slight difference arising from the
ﬁnite thickness of the mortar joints. A comprehensive approach to
the global behaviour of masonry has been developed in Cecchi
and Di Marco (2000) by means of asymptotic homogenization.
Three perturbation parameters are considered: the usual scale
parameter, the ratio between the elastic moduli of the mortar and
the units, the ratio between the thickness of mortar joint and the
characteristic length of the REV. The results, in the case of rigid
units connected by elastic interfaces, do coincide with those pro-
vided by our reﬁned algorithm (36). The same coefﬁcients were also
obtained in de Felice (1995) by using periodic homogenization,
when starting directly from rigid blocks connected through elastic
interfaces.
4.2. Performances of the identiﬁcation algorithms in the shear test
Aiming at looking at the performances of the algorithms pre-
sented, a shear test on a panel with height A ¼ 260 and length
D ¼ 520 is carried out, as shown in Fig. 10. In the test, the displace-
ments of the centers of the ﬁrst tier of units are restrained, while
the rotations are left free and a uniform tangential stress s ¼ 10
is applied to the three remaining edges.
The numerical results of the discrete model have been obtained
by means of the distinct element code LAMAS set up for the pur-
Table 1
Geometrical and mechanical parameters of the constituents and elastic coefﬁcients
vs. identiﬁcation algorithm.
Parameters Eh ¼ Eb ¼ 2000 L ¼ 26 B ¼ 1
Gh ¼ Gb ¼ 100 T ¼ 13 H ¼ 1
Identiﬁcation A1111 A2222 A1212
Compatible 5:330 104 2:600 104 1:495 104
Equilibrated 5:200 104 2:600 104 1:733 103
Reﬁned 5:330 104 2:600 104 2:486 103
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described in Section 2, that is, each block has three displacement
variables, the joints are simple interfaces, and the interaction be-Fig. 11. Horizontal displacement level curves for the shear test: Cauchy
Fig. 12. Rotation, relevant stresses level curves for the stween blocks is deﬁned by the deformation measures given by
Eq. (2) and by the constitutive relation given by Eqs. (6) and (7).
More detail can be found in Formica et al. (2002). The results for
the continuum models, for the three identiﬁcation schemes, have
been obtained by High-Continuity (HC) ﬁnite element analysis:
the HC ﬁnite element is rectangular, it provides a Cð2Þ-continuity
for the displacement with just one node per element, by using
the node parameters of the adjacent elements. Further detail can
be found in Aristodemo (1985). In order to evaluate the perfor-
mances of the continuum models, the results obtained via FEM
analysis are ‘‘localized”, according to Eq. (15)1, to provide the hor-
izontal and vertical displacements of the center of each block. The
constitutive and geometric coefﬁcients for the brickwork selected
for the comparison, are reported in Table 1, together with the cor-(compatible, equilibrated and reﬁned identiﬁcations) vs. discrete.
hear test: Cauchy, reﬁned identiﬁcation vs. discrete.
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using Eqs. (22), (29) and (36), according to the proposed identiﬁca-
tion schemes.
The results, in terms of horizontal displacements, for the dis-
crete and the continuum models are depicted in Fig. 11 and show
a perfect agreement between the reﬁned identiﬁcation and the
discrete solution. On the contrary, the results of compatible and
equilibrated identiﬁcations are strongly under- and over-esti-
mated, respectively, though the test gives rise to a nearly periodic
deformation.
In Fig. 12 the comparison between the discrete model and the
continuum one equipped by the elastic coefﬁcients given by the re-
ﬁned identiﬁcation, is performed in terms of rotation and speciﬁc
forces on the head and bed joints. In particular, the block rotation
h provided by the continuum model is obtained by (13) from the
local values of shear and rigid rotation of the FEM solution, which
correspond to ðu1 u2Þ=2 and ðu1 þu2Þ=2, respectively, of the
discrete model. The speciﬁc forces for the continuummodel are ob-
tained by Eq. (33), once given the FEM solution for the stress ten-
sor. The comparison reveals a good agreement also for the rotation
and contact forces, apart from some differences in the neighbor-
hood of the boundary. Boundary layers that appear in the discrete
solution can be explained considering that the uniform tangential
stress applied does not induce periodic solution in the discrete
model. The periodic deformation state, as described in Section
2.2 and depicted in Fig. 3, would require the addition of a self-
equilibrated rapidly oscillating stress on the boundary, namely,
normal forces on upper edge and shear forces at lateral edges, vary-
ing with the brick scale.
We have seen that the use of the third algorithm implies the res-
olution of an elastic problem at the micro-level, which we have
solvedby the forcemethod,beforeperforming theaverageoperation
of the micro-deformations. As shown in Section 4.1, that problem
coincides with the one deﬁned on the REV under periodicity
conditionson thedisplacements, proposed indeFelice (1995)within
the theoretical framework of homogenization methods; as a conse-
quence, it is no chance that the elastic coefﬁcients givenby (36) coin-
cide with those provided in that paper.
5. Identiﬁcation of Cosserat continuum
In this section, we show that a Cosserat continuum (Mindlin,
1964) (see Appendix A for a summary of the linear theory of micro-
polar continua), when equipped by a constitutive law obtained
through a compatible algorithm, is able to exactly reproduce the dis-
crete periodic deformation states analyzed in Section 2.
5.1. Compatible identiﬁcation
Let M 	 C the continuum region corresponding to the REV of
the discrete system. Following Masiani et al. (1995), the displace-Fig. 13. REV Ament ﬁelds u;w inM are given the afﬁne expansions from a point
x 2M
uðyÞ ¼ uðxÞ þ ruðxÞðy xÞ 8y 2M ð42Þ
wðyÞ ¼ wðxÞ þ rwðxÞðy xÞ 8y 2M ð43Þ
and the following correspondence between the micro- and macro-
displacements is assumed:
ui ¼ uðgiÞ; wi ¼ wðgiÞ 8Ai 2 REV ð44Þ
By using (2) and (1) and then (44), we obtain:
tk ¼ uðgiÞ  uðgjÞ þwðgiÞ  ðpk  giÞ wðgjÞ  ðpk  gjÞ ð45Þ
xk ¼ wðgiÞ wðgjÞ ð46Þ
Then, by using (42) and (43) and recalling the expressions of the
strain tensors U, V for Cosserat continuum (78) given in Appendix
A, we determine the following relations:
tk ¼ Uðgi  gjÞ þ ½Vðgi  xÞ  ðpk  giÞ  ½Vðgj  xÞ  ðpk  gjÞ ð47Þ
xk ¼ Vðgi  gjÞ ð48Þ
for the kth joint within the REV. Now, we require that the
work expended by the internal actions in the REV is equal to
the work expended in M by the contact actions for the contin-
uum model:
Xnr
k¼1
ftk  tk þmk xkg ¼ ðS  U þ C  VÞv ð49Þ
for each ðtk;xkÞ satisfying (47) and (48). By substituting (47) and
(48) in (49), we obtain:
Xnr
k¼1
tk  fUðgigjÞþ ½VðgixÞðpkgiÞþ½VðgjxÞðpkgjÞg

þmk VðgigjÞ
¼ðS UþC VÞv 8U;V 2 Lin ð50Þ
After some algebraic manipulations, from (50) we ﬁnally obtain the
following average operators:
S ¼ 1v
Xnr
k¼1
tk  ðgi  gjÞ; ð51Þ
C ¼ 1v
Xnr
k¼1
ððpk  giÞ  tkÞ  ðgi  xÞþ

ððpk  gjÞ  tkÞ  ðgj  xÞ þmk  ðgi  gjÞ

: ð52Þ
It is worth noting that the operator (52), which gives the elastic
couple stress tensor, is REV-dependent, because its expression does
directly depend on x. On the contrary, expression (51) is REV-
independent. Referring to REV A of Fig. 13, and substitutingand REV B.
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the elastic tensors ~A and eD, deﬁned in Eq. (79), are given in terms
of joint stiffnesses and cell aspect ratio q:
~A1111 ¼ 12q K
k
b þ 2K?h
 
;
~A2222 ¼ 2q1K?b ;
~A1212 ¼ 2q1Kkb;
~A2121 ¼ 12q K
?
b þ 2Kkh
 
;
eD1111 ¼ 132q 32Kfh þ 16Kfb þ 4T2Kkb þ L2K?b ;eD2222 ¼ 18q1 16Kfb þ 4T2Kkb þ L2K?b :
ð53Þ
By using Eqs. (8) and (9), the elastic coefﬁcients can be written in
terms of cell geometry and apparent elastic coefﬁcients of mortar
joints:
~A1111 ¼ LH Eh þ
L2
4BT
Gb;
~A2222 ¼ TB Eb;
~A1212 ¼ TBGb;
~A2121 ¼ L
2
4BT
Eb þ LHGh;
eD1111 ¼ 112 T
2
LH
Eh þ 148
L2
BT
Eb þ 116
T
B
Gb
( )
L2;
eD2222 ¼ 112 TB Eb þ 14 T
3
L2B
Gb
( )
L2:
ð54Þ
Similar results have been obtained in Sulem and Mühlhaus (1997)
starting from a correspondence between the piecewise motion of
the discrete and the continuum displacement and rotation ﬁelds,
when neglecting ﬂexural joint stiffness ðKfb ¼ Kfh ¼ 0Þ and making
no distinction between head and bed joint axial and tangential stiff-
ness K?b ¼ K?h ;Kkb ¼ Kkh
 
. The results for the in-plane elastic coefﬁ-
cients coincide with (53)1–4, while for ﬂexural coefﬁcients, only the
term eD2222 is the same, apart from the contribution due to Kfb, while
the coefﬁcient eD1111 provided in Sulem and Mühlhaus (1997), that
reads as:
eDS&M1111 ¼ 132q 4T2Kkb þ L2K?b þ 8L2Kkh ; ð55Þ
presents an additional term which deserves further comments. In
fact, the two coefﬁcients eD1111 and eDS&M1111 are based on REV A and
B, respectively (see Fig. 13). Both REVs are center-symmetric and
have the same area TL, but while REV A is centered at the center
of the head joint, REV B is centered at the center of the unit. TheFig. 14. Kinematics of REV A and REV Bterm 14qK
k
hL
2, which appears only in REV B, is the tangential con-
tribution of head joints, which does not appear in REV A where
the head joint and the REV centers coincide. The difference is
shown in Fig. 14, where the kinematics under the curvature
V1111 is depicted. The expression for the elastic coefﬁcients (54)
have been obtained referring to the REV A, which provides the
lowest ﬂexural coefﬁcients. This choice is driven by the aware-
ness that the compatible identiﬁcation generally overestimates
the stiffness of the discrete system. Within the present context,
the overestimate of ﬂexural coefﬁcients does not signiﬁcantly af-
fect the solution, as shown in Section 7; however, it could be-
come critical in those cases where the ﬂexural stiffness play a
central role, such as, for instance, in out-of-plane bending of ma-
sonry walls.
For the given benchmark, the coefﬁcients given by (54) assume
the following values:
~A1111 ¼ 5:330 104; ~A2222 ¼ 2:600 104
~A1212 ¼ 1:300 103; ~A2121 ¼ 2:867 104eD1111 ¼ 2:250 106; eD2222 ¼ 1:523 106
A comparison between the results obtained with the discrete and
Cosserat models is shown in Figs. 15 and 16 for the shear test under
study. The results for the Cosserat model are obtained by the use of
the HC-ﬁnite element code previously described, adapted to the ri-
cher kinematical setting. The FE results for the continuum have
been ‘‘localized”, according to Eq. (44), to provide the displacements
of the centre of each block and the block rotation. The comparison
shows a nearly perfect agreement between the two models, in
terms of both generalized displacements and speciﬁc forces. Some
differences arise in the representation of the solution near the
boundary.
5.2. Uniform deformation states for Cosserat
Let us now restrict our attention to uniform deformation states
for the Cosserat bidimensional continuum, characterized by the
constitutive laws given by (54). Under the assumptions that body
forces and body couples are zero, ðb ¼ 0; c ¼ 0Þ, let us look for
the solution in the form:
uðxÞ ¼ Hðx oÞ 8x 2 C ð56Þ
wðxÞ ¼ w 8x 2 C ð57Þ
where H and w are constant. According to the correspondence with
the discrete model (44), the relative motion between two adjacent
blocks along the two directions of periodicity i1 and i2 (Fig. 17) can
be expressed as:
uj  ui ¼ uðgjÞ  uðgiÞ ¼ Hðgj  giÞ ¼ Hi1 ¼ LHe1 ð58Þ
ul  ui ¼ uðglÞ  uðgiÞ ¼ Hðgl  giÞ ¼ Hi2 ¼ L2He1 þ THe2 ð59Þunder curvature along direction 1.
Fig. 16. Shear test: Cosserat speciﬁc forces vs. discrete.
Fig. 15. Shear test: Cosserat displacements vs. discrete.
Fig. 17. Adjacent blocks along the directions of periodicity.
8 In 2D and in 3D, any skew-symmetrical double tensor W possesses an axial vector
w such that: Wa ¼ w  a 8a 2V; accordingly, given any vector w, a skew-
symmetrical double tensor W can be associated such that Wa ¼ w a 8a 2V.
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wi ¼ wj ¼ wl ¼ w: ð60Þ
Through comparison with the periodic deformation state of the dis-
crete system, as deﬁned by (11) and (12), one gets:
He1 ¼ e1e1 þu1e2 He2 ¼ u2e1 þ e2e2
and therefore:
H ¼ e1e1  e1 þ e2e2  e2 þu1e2  e1 u2e1  e2 ð61Þ
w ¼ he1  e2 ð62Þwhere the parameters e1; e2; u1; u2; h are those in Fig. 3. Under
these conditions, the strain measures (78) are:
U¼HW¼e1e1e1þe2e2e2þðu1hÞe2e1ðu2hÞe1e2 ð63Þ
V¼rw¼0 ð64Þ
where W is the skew-symmetric tensor whose axial vector8 is w. If
we use the constitutive law (54), we obtain:
S ¼ ~AU ¼ ~A1111e1e1  e1 þ ~A2222e2e2  e2
þ ~A2121ðu1  hÞe2  e1  ~A1212ðu2  hÞe1  e2 ð65Þ
C ¼ eDV ¼ 0 ð66Þ
which satisfy the balance equations (75) and (76), under the condi-
tion that s ¼ 0 (or, equivalently, skwS ¼ 0), that is:
~A2121ðu1  hÞ þ ~A1212ðu2  hÞ ¼ 0 ð67Þ
By substituting the expressions of ~A2121 and ~A1212 given by (54),
Eq. (67) transforms into:
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H
Gh þ L
2
4BT
Eb
( )
ðu1  hÞ þ
T
B
Gbðu2  hÞ ¼ 0 ð68Þ
It is worth recalling that the momentum balance equation (13) for
the periodic state of the discrete system is equal to (68). The equal-
ity of the balance equations for both the discrete and Cosserat mod-
els, when using ~A2121 and ~A1212 given by the compatible
identiﬁcation, demonstrates that the compatible identiﬁcation algo-
rithm enables the Cosserat continuum to faithfully reproduce the
discrete periodic states. The agreement of the results for the shear
test shown in Figs. 15 and 16 is thus explained.
6. Theoretical Cauchy–Cosserat comparison
The Cauchy continuum, equipped by the reﬁned identiﬁcation,
has given a numerical proof to be able to well reproduce the peri-
odic deformation states for the discrete system, such as the Coss-
erat model equipped by the compatible identiﬁcation. Such a
circumstance may ﬁnd a further theoretical conﬁrmation, by com-
paring the internal work of Cauchy and Cosserat models for the
same displacement ﬁeld, induced by the same uniform deforma-
tion state. In this case, when body force is zero, the momentum
balance for Cosserat continuum reads:
skwS ¼ 0 ð69ÞFig. 18. The ﬁrst benchmark: initia
Fig. 19. The ﬁrst benchmark: horizonand according to (63) and (65), the density of the internal work
becomes:
S  U ¼ S  symU
¼ ~A1111e21 þ ~A2222e22 þ
~A1212 ~A2121
~A1212 þ ~A2121
ðu1 u2Þ2 ð70Þ
As stated previously, the internal work density depends on three
parameters only, the two stretches e1, e2 and the macro-shear
c ¼ u1 u2. Therefore, the Cauchy continuum furnishes the same
internal work as the Cosserat medium, provided that the strain ten-
sor is given by:
E ¼ symH ¼ e1e1  e1 þ e2e2  e2 þ 12 cðe1  e2 þ e2  e1Þ ð71Þ
and the three elastic coefﬁcients A1111; A2222; A1212 fulﬁl the fol-
lowing identities:
A1111 ¼ ~A1111; A2222 ¼ ~A2222; A1212 ¼ 2
~A1212 ~A2121
~A1212 þ ~A2121
ð72Þ
At a deeper insight, coefﬁcients A1111; A2222; A1212 given by (36)
satisfy the equality (72) and this is the reason why the Cauchy mod-
el supplied with the reﬁned identiﬁcation algorithm and the Coss-
erat model with the compatible identiﬁcation provide the same
solution for the discrete system under periodic deformation states.l and deformed conﬁgurations.
tal displacements and rotations.
Fig. 21. The second benchmark: initial and deformed conﬁgurations.
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7.1. Non-periodic states
In the case of non-periodic deformation states, the richer con-
tinuum is expected to present some advantages due to the possi-
bility of taking into account relative rotations and scale effects.
With this aim, a detailed numerical analysis has been performed
to compare the results provided by Cauchy and Cosserat models
with respect to the discrete ones, for the two benchmarks of Figs.
18 and 21. The ﬁrst benchmark is a panel subjected to a uniform
load on the western edge. The results are drawn in Fig. 19 in terms
of vertical displacements and rotations and in Fig. 20 in terms of
speciﬁc normal and shear forces in the bed joints. It is shown that:
(i) far from the edges the gross solution is well captured by both
continua; (ii) as regards the displacements, the Cauchy solution al-
ways provides a higher estimate, while the Cosserat solution pro-
vides a lower estimate with respect to the discrete model; (iii)
the discrepancies in terms of horizontal displacements are small
in percentage terms, while they are much higher in terms of rota-
tions; (iv) for the given test, the Cosserat model gives slightly bet-
ter performances than the Cauchy model; (v) both models give
sufﬁciently good results for the speciﬁc contact forces on bed
joints, but in this case the percentage errors are higher than in
the case of displacements, because speciﬁc forces do depend on
displacement gradients and rotations; and (vi) it can be said that
while general patterns are well captured by both continuous mod-
els, it appears that the solution in the neighborhood of a singularity
is not well captured by both.
The second benchmark (Fig. 21) is a wall with an opening and
subjected to a uniform load on the upper edge. In this case a stron-
ger non-uniform solution is expected due to the presence of geo-
metrical singularities. By analyzing the results in terms of
generalized displacements and stresses (see Figs. 22 and 23), sim-
ilar considerations as in previous example can be drawn: (i) the
general patterns of both displacement and speciﬁc forces are wellFig. 20. The ﬁrst benchmark: sprepresented by both continua; (ii) the displacement and the rota-
tion of the discrete system are always bounded from above by
the Cauchy and from below by the Cosserat solution; (iii) the per-
centage error for the estimate of the maximum displacement is
higher than in the previous example; and (iv) the results conﬁrm
that, while being able to represent the gross solution, neither the
Cauchy nor the Cosserat model are able to accurately reproduce
the behaviour in the neighborhood of a singularity.
7.2. Size effects
In order to investigate size effects, let us now analyze the
behaviour of a brickwork panel, when varying the dimensions of
units and joints without varying the overall dimension of the pa-
nel. In particular, the width L and height T of the cell, the thick-
nesses B and H of the joints are scaled proportionally, while the
dimensions D and A of the panel and the elastic coefﬁcients
Eb; Gb; Eh; Gh of mortar joints remain the same. As a consequence,
only ﬂexural stiffness of the joints is affected by scaling (see Eqs.
(8) and (9)) and, therefore, ﬂexural elastic coefﬁcients of Cosserat
(54)5–6 vary consequently, while in-plane Cosserat coefﬁcients
(54)1–4 and Cauchy elastic coefﬁcients (36) remain unchanged.
Therefore, the scale effects play a role only in non-periodic
solutions.
Two different loading conditions that give rise to non-periodic
states, are considered, namely, the brickwork panel under uniform
edge load previously examined (Fig. 24) and the same panel undereciﬁc forces on bed joints.
Fig. 22. The second benchmark: horizontal displacements and rotations.
Fig. 23. The second benchmark: speciﬁc forces on bed joints.
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performed for various unit scales, and the results for the three
models (discrete, Cauchy and Cosserat) are listed vs. the scale fac-
tor , deﬁned as the ratio between the height of the cell T and that
of the panel A (the number of masonry tiers, reported on the ab-
scissa of the graphs, is equal to 1). The comparison is given in
terms of the external work which, by parity of the external load,gives a measure of the compliance of the model under examina-
tion. We observe that: (i) the discrete system becomes more com-
pliant as  tends to zero; (ii) the Cauchy model is, by its very
nature, unable to incorporate size effects and represents an upper
bound for both discrete and Cosserat models; (iii) the three models
are asymptotically equivalent, i.e., their results tend to coincide as
 tends to zero; (iv) the Cosserat model is able to represent size ef-
Fig. 24. Edge load: external work vs. 1.
Fig. 25. Triangular load: external work vs. 1.
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discrete system even in cases of large blocks (low number of tiers);
and (v) the Cosserat model is stiffer than the discrete system. This
latter circumstance can be easily explained by considering that the
identiﬁcation scheme used for the Cosserat model is compatible, in
the sense that it induces a compatible deformation in the discrete
system, while not always assuring the fulﬁllment of balance
equations.
8. Concluding remarks
In this paper, we have shown that periodic deformation states
of brickwork are exactly reproduced by both Cauchy and Cosserat
continua, provided that the reﬁned identiﬁcation scheme for Cau-
chy is adopted. Such a conclusion is not surprising, despite con-
trary claims (Trovalusci and Masiani, 1996). It should be
emphasized, however, that the identiﬁcation algorithm for Coss-
erat, given by the localization (44) and the average (51) and (52)
operators, does not depend on the elastic properties of brickwork
and therefore the model can be extended to non-linear behaviour.
The ﬁrst attempts to account for nonlinearities can be found in Riz-
zi and Tatone (1995), where the algorithm is extended to the case
of ﬁnite displacement and block rotation, or in Trovalusci and
Masiani (1997), where the strain rates for an elastic perfectly plas-
tic continuum are identiﬁed. Conversely, for the Cauchy model, the
identiﬁcation algorithm, given by the localization (30) and the
average (35) operators, does depend on the stiffness of the joints,
since the solution of an elastic problem on the REV is required tosupply the right equivalent properties. Roughly speaking, such a
difference is explained by the fact that the Cosserat identiﬁcation
scheme does not involve a micro- and macro-scale reduction, but
only gives a smooth representation of the discrete model. In other
words: (i) the discrete periodic states and the Cosserat uniform
deformation states are described both by four parameters: respec-
tively e1; e2; ðu1  hÞ; ðu2  hÞ for the discrete, and the components
of the strain tensor U for Cosserat; and (ii) the momentum balance
for the discrete model in a periodic state (13) is automatically ful-
ﬁlled by ﬁeld equation of Cosserat continuum (68). Conversely, for
the Cauchy model, the uniform deformation states are represented
by three parameters only and therefore the momentum balance
has to be incorporated within the constitutive laws, giving rise to
such a dependence on the elastic properties. This conclusion con-
ﬁrms a more general trend: the richer is the structure of the con-
tinuum model, the less sophisticated may be the identiﬁcation
scheme, provided that energy is conserved between the micro-
scopic and the macroscopic scales.
A regards non-periodic states, the two continuum models are
asymptotically equivalent as the scale ratio  between the size of
the unit and that of the wall tends to zero, even if a slightly better
representation of the solution is furnished by the Cosserat contin-
uum. While being able to take scale effects into account, the Coss-
erat model is stiffer than the discrete one; as a consequence, the
identiﬁcation of ﬂexural elastic coefﬁcients may be probably re-
ﬁned, having recourse, for instance, to an identiﬁcation scheme
based on the solution of an elastic problem on the REV. However,
the Cauchy and Cosserat models, as presented in this paper, pro-
1266 G. Salerno, G. de Felice / International Journal of Solids and Structures 46 (2009) 1251–1267vide, respectively, an upper and a lower bound of the discrete solu-
tion in terms of strain energy, and these properties may be used for
assessment purposes. As regard the practical use of continuum
modeling, it happens that, when the size of the unit is of the same
order of magnitude as the scale of the panel, the recourse to a con-
tinuum appears unjustiﬁed; on the contrary, when the scale ratio is
small ð 6 102Þ, the richer structure of the Cosserat model ap-
pears to be not completely exploited; however, as is well known,
the presence of a characteristic length in the Cosserat continuum
acts as an effective therapy against mesh dependence in case of
softening material behaviour.
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Appendix A. Basics of the linear theory of micropolar continua
Let B be the material body, a differentiable manifold of dimen-
sion n ðn 2 ½2;3Þ. A conﬁguration of B is an application K, which to
each p 2 B associates KðpÞ :¼ ðxðpÞ; hðpÞÞ 2 EV with a sufﬁcient
smoothness.
Given K, let C be the reference shape, the restriction of KðBÞ on
E. We can furnish a referential description of the linearized gener-
alized displacement ﬁeld, that is, the application which to each
x 2 C associates uðxÞ;wðxÞ 2V. The external work is deﬁned as:
Le :¼
Z
C
ðb  uþ c wÞ þ
Z
oC
ðt  uþm wÞ ð73Þ
where b; c 2V are bulk interactions, named as body force and body
couple, respectively, and t;m 2V are contact interactions, named as
stress force and stress couple, respectively. From the momentum
and linear momentum balance (Mindlin, 1964), the stress tensor S
and the couple stress tensor C are introduced, such that
tðx;nÞ ¼ SðxÞn; mðx;nÞ ¼ CðxÞn ð74Þ
where x is any internal point of C and n is the outward unit normal
to any internal surface passing through x; moreover, the force and
momentum local balance equations take the form:
div Sþ b ¼ 0 in C ð75Þ
div C þ sþ c ¼ 0 in C; ð76Þ
where s is the axial vector of 2skwS. By making use of (74)–(76), the
external work deﬁned by (73) can be rewritten in terms of contact
actions, asZ
C
ðS  U þ C  VÞ ð77Þ
which is deﬁned as internal work Li, where
U ¼ ruW; V ¼ rw ð78Þ
in which W is the skew-symmetric double tensor whose axial vec-
tor is w. U and V play the role of linearized strain measures. Finally,
hyper-elastic constitutive laws are given:
SðU;VÞ ¼ ~AU þ eBV ; CðU;VÞ ¼ eCU þ eDV ð79Þ
where eB ¼ eCT and ~A, eD possess the major symmetries.References
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